S50th MMPC Part II Solution

(1) Suppose A, B and C' are the angles of a triangle. Prove that
1 —8cos Acos Bcos C = sin?(B — C) + (cos(B — C) — 2cos A)*.

Solution:
RHS = sin*(B — C) +cos*(B — C) —4cos Acos(B — C) + 4 cos* A
= 1—4cosAcos(B — C) +4cos* A
= 1—4cosA(cos(B—C) —cosA).
Since A+ B+ C = 180° and cos(B 4+ C) = —cos(180° — (B 4+ C)) = — cos(A), we have
RHS = 1—4cosA(cos(B—C)+cos(B+(C))
= 1—4cosA(2cos BcosC)
= 1—8cosAcosBcosC.



(2) Let 1,9, ...,21090 be integers whose values are either 0 or 1.
(a) Show that

1+ To+ -+ T1o0 — (1’1372 + Tox3 + -+ + TogT100 + .73100231) < 50.

Solution: Let S = X1+ To+ -+ X090 — ({L‘ll’g + Zox3z + -+ -+ T99T100 + 13100111). Out of
the 100 integers n of them are equal 0 and the others are equal to 1. Then S < 100 —n.
Since z129 + Tox3 + - -+ + To9T100 + T10071 > 100 — 2n, S < 100 — n — (100 — 2n) = n.
Hence S is less than or equal to the average of 100 — n and n, which is 50.

(b) Give specific values for xy, s, ..., x100 that give equality.

Solution: v1 =x3=...= x99 =1land z9 =24 = ... = 2190 =00r 21 = 23 = ...
l‘ggzoand.fg:ZE4:...:Z‘100:1.
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(3) Let ABCD be a trapezoid whose area is 32 square meters. Suppose the lengths of the parallel
segments AB and DC' are 2 meters and 6 meters, respectively, and P is the intersection
of the diagonals AC' and BD. If a line through P intersects AD and BC at E and F,
respectively, determine, with a proof, the minimum possible area for quadrilateral ABF'E.

Sketch of a solution: Through P, draw a line parallel to AB. Suppose the line intersects
AD at M and BC at N. We first determine the area of ABN M and then show it is at most
the same as the area of ABFE.

Since AABP ~ ADPC, % = Iﬂ)—é = % = % It follows % = ﬁ—g = 411. Since
AAMP ~ AADC, #& =45 =1 Thus, MP = 1 x 6 = 1.5. Similarly, we can obtain

PN = 1.5. Therefore, M N = 3.

Next, through P, draw a line perpendicular to AB. Suppose the line intersects AB and
DC (or their extensions) at () and R, respectively. Since the area of ABDC' is 32, it follows
QR = 8. Since APQB ~ APRD, £2 = LB — 1 Tt follows PQ = 2 and PR = 6. Now the
area of ABNM is 3 (AB+ MN) x PQ = 5.

To show the area of ABN M is at most the same as the area of ABFE, without loss of
generality, we suppose E is between D and M, and F'is between B and N. We only need
to show the area of AM PFE is greater than the area of AFPN.

Extend DA and CB to meet at O. Since M P = PN, the area of AOM P equals the area
of AOPN. Thus, the area of AOPF is less than the area of AOEFP. Since AOPF and
AOEP share a same altitude, it follows EP > PF.

Next, note that /ZEPM = /FPN. Since the area of AEMP = 1 x MP x EP x

2
sin(ZEPM) and the area of AFPN = 5 x PN x FP xsin(ZFPN), the conclusion follows.



(4) Let n be a positive integer and = be a real number. Show that

LnIJ:LxJ—i—Lx—i—%J—i— PJF%JJF.“JF{“n_lJ

n

where |a] is the greatest integer less than or equal to a. (For example, |4.5] = 4 and

|—4.5] = —5.)

Solution: Let x be expressed as © = a + ¢, where a is an integer and € is so that 0 < e < 1.
Let n be a positive integer. We consider two cases. The first case is that 0 < e < }1 The
second case is that % <e<l1.

Let’s consider the first case. The condition 0 < € < 1 implies that ne < 1. Hence,
|nz| =|na + ne| = na.

Now €+ 2= < L4 2=L — 1. Therefore, |2+ 21| = [a+ e+ 2] = a. Therefore, all the
terms of the RH S are all equal to a. Thus, the RHS is na.

Let’s consider now the second case. The condition % < e < 1 implies that 0 < ne — 1 <
n — 1. So we get the following for the LHS.

(a) [nz] =|na+1+ne—1]=na+1if0<ne—1<1.
(b) LHS =na+2if 1 <ne—1< 2, etc...
(¢c) LHS=na+n—-1ifn—-2<ne—1<n-—1.

Now, what about the RHS? The condition 0 < ne — 1 < 1 implies that % <e< %
Consider the term of the RHS, [a + ¢ + “52]. The condition 1 < e < 2 implies that
”T’l <e+ ”T’Q < 1. Hence, all the terms, except the last one,of the RHS must equal to a.
The condition % <e< % implies that 1 < e+ ”T_l < ”TH Hence the last term of the RHS
must be a 4+ 1. Therefore, summing gives us that RHS = (n — 1)a+a+ 1 =na + 1.

By similar reasoning, we get the following that

(a) RHS =na+2 when 1 <ne—1< 2, etc...
(b) RHS=na+n—1whenn—-2<ne—1<n-—1
Hence, we are done.
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(5) A 3n-digit positive integer (in base 10) containing no zero is said to be quad-perfect if the
number is a perfect square and each of the three numbers obtained by viewing the first n
digits, the middle n digits and the last n digits as three n-digit numbers is in itself a perfect
square. (For example, when n = 1, the only quad-perfect numbers are 144 and 441.) Find
all 9-digit quad-perfect numbers.

Solution: Denote the 9 digit number by N. Then N is a quad-perfect number iff we can
represent it as N = 10U2 + 103V?2 + W? where U, V, W € {11,12,...,19,21,22,...,29, 31}
and N = (10%a + 1030 + 10%¢c + 10d + ¢)? where a,b,c,d, € {0,1,...,9} and e € {1,...,9}.

Observation 1:
(10%a + 1030 4 10%c + 10d + €)* — 10°U? = 10°V? + W?
= [(10*(10a +b— U) + 10% + 10d + e] [(103(10a F b+ U) +10% + 10d + e| = 103V + W2,

R.H.S. of above equation is a 6-digit number. Second square bracket term is either a 5-digit
number of a 6-digit number. Hence first square bracket term must be either a 1-digit number
or a 2-digit number. So ¢ =0 and U = 10a + b.

Observation 2:
(10%a +10°b + 10°c + 10d + €)* — W? = 10°U* + 10°V?
—~ [10%U +10d + e — W] [103(] +10d + e + W] — 10°(10°02 + V2).

R.H.S. of above equation implies L.H.S. is divisible by 1000. Hence (10d+e+W)(10d+e—W)
is divisible by 1000.
Note that 12 < 10d+e+W < 130 and 10d+e—W < 88. Clearly (10d+e+W)(10d+e—W)

is divisible by 1000 if W = 10d + e. Let’s consider this case first.

Hence [103U][103U + 2W] = 10%(10°U? + V?). So 2UW = V? = V = V2UW,

hence at least one of U or W must be even.

The only possible choice of odd U is U = 11 and U = 13 since if U = 15 then

V = V30W, so W = 30 but then W? = 900 and so N will contain zeros hence

it is not a quad-perfect number. For U > 17, U odd, choice of W will need to be

greater than 31, not possible.

If U =11 then V = v22W hence V = W = 22 so the number is (121484484 ). By
symmetry, the number (484484121 ) also works.

If U =13 then V =W = 26, so the resulting quad-perfect numbers are [ 169676676

and



Now let’s consider U even:
[f U =12 then V = 2v/6W hence W = 24 = V = 24. So the resulting quad-perfect

numbers are and

If U =14 then V = 2v/7W hence W = 28 = V = 28. So the resulting quad-perfect

numbers are and

If U = 16 then V = 4v/2W hence W = 18 = V = 24. So the resulting quad-perfect
numbers are and

We don’t need to consider U = 18,22,24,26 and 28 for they have already been
included above by symmetry.

Suppose W = 10d + e is not true. Since (10d + e + W)(10d + e — W) is divisible by 1000,
(10d + e + W) and (10d + e — W) must contain, collectively, 3 2’s and 3 5’s as factors. We
first claim each must a factor of 5.

e (10d + e + W) is divisible by 5. Suppose not. Then (10d + e — W) is divisible by 125

which is impossible as 1 < 10d + e — W < 88.

e (10d + e — W) is divisible by 5. Suppose not. Then (10d 4 e + W) is divisible by 125.
Hence (10d + e 4+ W) = 125, an odd number. So 10d + e — W is divisible by 8, an even
number. But their difference is 2WW, a contradiction.

We now claim each must contain a factor of 2. Suppose not. Then exactly one of them is
not divisible by 2. So one of them is even and the other is odd. But their difference is 2W,
a contradiction.

Hence d, e and W satisfy the following 3 conditions:

(a) (e = W)(mod 10)=0

(b) (e + W)(mod 10)=0

(c) (d+5Y) (d+ <5%) (mod 10)=0

Since e € [1 9]. For (1) and (2) to hold, we must have e = 5. Hence, W = 15 or W = 25.
Case 1: W =15,e=5
Condition (3) becomes (d — 1)(d + 2) (mod 10) =0. So the only possible choice is
d= 3,6 and 8.
When d = 3:

[1O3U +10d — 10] [103U +10d + 20] — 10°(10°U2 4 V?)

= 70U +1=V2

Since U > 11, 70U 4+ 1 > 771, thus the only possible choice for V' is 29. One can
verify that with V =29 = U = 12. So is a quad-perfect number.
Similarly, when d = 6, 8 the resulting equations are 130U +4 = V? and 170U +7 =
V2 for which clearly no choice of allowable V' is possible.
Case 2: W =25,e=5
Condition (3) becomes (d — 2)(d + 3) (mod 10) =0. So the only possible choice is
d=2and 7.
When d = 2,7, the resulting equations are 50U = V2 and 150U +5 = V? for which
clearly no choice of allowable V' is possible.

So in total, there are 11 quad-perfect 9-digit numbers.




